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Mode Orthogonality in Reciprocal and
Nonreciprocal Waveguides

Paul R. McIsaac, Member, IEEE

Abstract —Using a general reciprocity theorem as a basis, the
orthogonality relations for lossy reciprocal and nonreciprocal
waveguides are discussed. To obtain a useful orthogonality rela-
tion which can extract a particular mode from a general mode
expansion, a reciprocal waveguide must be bidirectional. A
nonreciprocal waveguide, however, must be mutually bidirec-
tional with its complementary waveguide (obtained by reversing
the dc magnetic field applied to the gyrotropic media). For these
bidirectionality conditions to be met, a waveguide must possess
at least one of three symmetries: reflection, 180° rotation or
rotary reflection symmetry. In those cases warranted by the
structure symmetry, simplified forms for the orthogonality rela-
tions are presented. The orthogonality relations for the special
case of lossless reciprocal or nonreciprocal waveguides are also
discussed.

I. INTRODUCTION

M ODES provide a convenient basis for describing
the electromagnetic behavior of transmission lines,

waveguides, optical fibers, etc. [1]–[4]. In order for it to be
“easy” to represent the electromagnetic fields by a mode
expansion, the modes should be orthogonal. This paper
discusses useful orthogonality relations for 10SSYrecipro-
cal and nonreciprocal waveguides based on a general
reciprocity theorem. Attention is restricted to structures
containing, at most, gyrotropic media. Although the dis-
cussion could be extended to structures containing bian-
isotropic media [5], they will not be covered here.

Only uniform waveguides, invariant to a translation
parallel to their axis, are considered. Because of this
translation symmetry, the basis functions for the electro-
magnetic field components have the form: ~,.(x, y)e –‘~z,
where -yW,is a complex number (eJ@t time variation is

assumed). The modes form either an infinite discrete
spectrum (closed boundary structures), or a finite discrete
spectrum plus a continuous spectrum (open boundary
structures). In general, each mode will include two

branches, corresponding to propagation in the + Z(Y; )

and – z(~m ) directions. An important consideration in

the discussion of the orthogonality of modes is whether

Y- =1?1 – y,;; or more generally, whether there are pairs of

modes such that -y,; = – -y;. Waveguides which satisfy
this condition are termed bidirectional [6].
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Section II discusses the mode orthogonality relation
derived from a reciprocity theorem [3], [7]–[9]that applies
to both reciprocal and nonreciprocal waveguides. In order
for this mode orthogonality relation to be useful in devel-
oping mode expansions for an arbitrary excitation, the
waveguide must be bidirectional. A bidirectional wave-
guide must possess at least one of three symmetries
relative to its axis (the z-axis): reflection in a plane
perpendicular to the z-axis, 180° rotation about an axis
perpendicular to the z-axis, or rotary reflection symmetry
about the z-axis. Most waveguides of current interest for
microwave applications possess reflection and/or 180°
rotation symmetry.

Section III discusses the mode orthogonality relations
derived from the reciprocity theorem for 10SSYwaveguides
containing either isotropic media, or anisotropic media
whose susceptibilities are symmetric tensors; i.e., recipro-
cal waveguides. Section IV discusses the mode orthogo-
nality relations derived for 10SSYwaveguides containing
gyromagnetic media; i.e., nonreciprocal waveguides. Any
gyromagnetic medium used will, in general, have a dc
magnetic field, HO, applied, producing a dc magnetiza-
tion, MO, parallel to HO. To develop the mode orthogo-
nality relations, it is necessary to simultaneously consider
the complementary waveguide obtained by reversing the
direction of HO (and, therefore, the direction of MO).
One finds that the orthogonality relations operate be-
tween modes of the original and the complementary
waveguide. Although only waveguides containing gyro-
magnetic media are examined, the extension of the results
to waveguides containing gyroelectric media can be easily
made.

The discussion in Sections II–IV applies to waveguides
in general, including those containing dissipative materi-
als. Waveguides containing only lossless media have spe-
cial properties with the consequence that the propagating
modes are bidirectional regardless of the presence of one
of the spatial symmetries listed above. The implications of
this for the orthogonality of the modes in Iossless wave-
guides is discussed in Section V.

II. GENERAL RECIPROCITY THEOREM

A general statement of the reciprocity principle applied

to the modes of a uniform waveguide of infinite length is
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(see, for example, section 6.1 of [3]):

–e,.(x, y)x~.(x, y)]”a=dxdy =0. (1)

The integral is over the cross section of the waveguide,
en(x, y)e-Y~z, h~(x, y)e-y~’ are the electric and mag-
netic fields for the mth mode of the waveguide, and a= is
a unit vector parallel to the waveguide axis. For a recipro-
cal waveguide, the primed fields refer to the nth mode of
the waveguide. For a nonreciprocal waveguide containing
gyromagnetic media, the primed fields refer to the nth
mode of the complementary waveguide. The original and
complementary waveguides are identical except that the
dc magnetic field (and the dc magnetization) are reversed
in the complementary waveguide.

Equation (l), a general orthogonality relation for either
reciprocal or nonreciprocal waveguides, states that the
integral must be zero if -y;# – y~. Thus, if the unprimed
and primed fields” belong to the same branches of their
respective modes, then the integral is zero because y;, and
Yn.cannot sum to zero. The integral in (1) can be nonzero
only if the unprimed and primed fields belong to different
branches of their respective modes and y.-’ = – y;. In a
bidirectional waveguide, for each mode m there will exist
a mode p with yP = – yw for all ~. For each such mode
pair the integral in (1) may be nonzero and thereby
provide a means of extracting a particular mode from a
mode expansion. Otherwise, if (y; + ym) is never zero,
then the integral must equal zero for all pairs of modes,
and (1) can provide no procedure to evaluate the contri-
bution of a particular mode in an expansion. Thus, the
successful application of the general orthogonality rela-
tion (1) to evaluate the contribution of a particular mode
to a mode expansion for a waveguide depends on the
waveguide being bidirectional.

A sufficient condition for a waveguide to be bidirec-
tional is that the structure possess at least one symmetry
operation which interchanges the + and – z axes. After
applying such a symmetry operation, the “reversed” struc-
ture appears identical with the original, and its mode
spectrum is identical with the original mode spectrum.
Looking in the + z direction of the reversed waveguide is
equivalent to looking in the – z direction of the original
waveguide. As a consequence, the waveguide will have
pairs of modes with YP-= – y;, YP+= – Y;. All wave-
guides which contain only isotropic media are bidirec-
tional, and for them, -y,; = – y;. However, for some
bidirectional waveguides which contain anisotropic media,
p #m; an example is the sheath helix [10]-[12].

There are three symmetry operations that interchange
the + and – z axes: reflection in a plane perpendicular
to the z-axis, rotation by 180° about an axis perpendicu-
lar to the z-axis, or rotary reflection about the z-axis.
Rotary reflection involves rotation by m/n radians about
the z-axis, followed by reflection in a plane perpendicular

to the z-axis. Any uniform waveguide possessing at least
one of these symmetry operations must be bidireetionad. 1

111. MODE ORTHOGONALITY IN

RECIPROCAL WAVEGUIDES

This section considers bidirectional reciprocal wave-
guides. These are waveguides that contain isotropic me-
dia, or anisotropic media whose dielectric and magnetic
susceptibilities are symmetric tensors, and that, in addi-
tion, possess al least one of the three symmetry opera-
tions listed above.

Consider a mode of a waveguide propagating in the
+ z direction (e:, h; ) with propagation constant y.+. If a
symmetry operation S which interchanges the + and ---z
axes is appliedl to the waveguide, then (e;, li~ ) is still a
solution because the reversed waveguide is identical to
the original. Let P(S) be a symmetw operation on the
modal electromagnetic field (structure fixed) which pro-
duces the same electromagnetic field-structure relation
that the S operation on the structure (electromagnetic
field fixed) yields. The resulting electromagnetic field is
labeled (e,;’, h~’) with propagation constant y~-’; this
mode is labeled with a superscript – because k travels in
the – z direction.

e;; (x, y)e–YI’z =P(S)[e~[x, y)e-y;2],

h~’(x, y)e-7~’z =P(S)[h~(x, y)e-7~z]. (2)

Because the symmetry operation reverses the direction of
travel of thle mode, y.-’ = – y.+. The mode with a prime
traveling in the – z direction is the image, produced by
P(S), of the unprimed mode traveling in the + z direc-
tion. This transformed mode (e;’, lz~’) need not be identi-
cal in form to the original mode (e;, h: ) because the
symmetry operation may rearrange the field components.
However, the transformed mode must be similar to one of
the modes of the original structure because the transfor-
mation is based on a syi-nmetry operation which leaves the
structure unchanged. These transformed modes can ‘be
used in (1) because they are also modes of the original

structure.
An alternative fort-n of (1) is given (the primes are

omitted since only reciprocal waveguides are considered).
Let p(m) label that mode for which yP~n)= – y;, and the
superscript m denote + or –. The orthogonality relation
for closed boundary waveguides, expressed in terms of the
transverse fields of the modes (denoted by the subscript
T), is

M
e&,,, X h~n, – e:,,, X h&n) 1

a= dxdy = fV~-f3PLnJm[l – 8.+], (3a)

JJ[ ‘;P(n) ~~ & – C;m X h“Uxnj1
“azdxdy = fV~+i3P[.)w[l– 8.- ]. (3b)

lIn a previous paper concerning bidirectionality in gyrotropic wave-
guides [6], it was stated that reciprocal waveguides are bidirectional.
That statement is incorrect; reciprocity is not a sufficient condition for
bidirectionality in a 10SSYwaveguide.
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The S functions are defined by 8P(.)~ = O, n # m, and
ap(m)m =1. Also, ~+_ = O, and 8++= 8__= 1. The nor-
malization constants, NJ – and N;+, are the values of the
integrals in (3a) and (3b), respectively, when p(n)= p(m).
Note that the normalization constants, which involve the
only nonzero values of the integrals in (1) or (3), require
different branches for the two modes, m and p(m).

For open boundary waveguides, the 8P(.jn on the right
side of 3(a)–(b) should be replaced by d(p(rz) – m) when
the continuous spectrum is involved; see [13]. Although
the methods of this analysis apply to open boundary as
well as to closed boundary structures, for the sake of
brevity the subsequent discussion will refer explicitly to
the latter case.

The mode expansion for the transverse fields in a
reciprocal bidirectional waveguide is

ET(x, y,z)

=Z[A.e~.(x, y)e “JZ + l?~e~.(x, y)e ‘Y;’], (4a)
n

~T(~>Y,z)

= Z [A.k~.(~,y)e ]. (4b)‘7;’ + B~h~~(x, y)e–y”z
n

Using (3), one finds that the mode coefficients are

– E~(x, Y,z) XhjP(n)(X, Y)] “azdxdy, (5a)

~-+ JJ[e;p,m,(x)Y)x HT(x,Y,z)
~me-y;z – 1.—

m

-~T(X, Y,z)Xh~p(m)(X, Y)]. uzAdY. (5b)

A. Rejection Symmetry

Equations (3a) and (3b) and (5a) and (5b) can be
simplified somewhat for each symmetry type. This has
been done previously only for reflection symmetry [1]-[4];
this case is summarized first, Let M denote reflection in a
plane perpendicular to the z-axis. When applying F’(M)
to the mode fields, one must recognize that the electric
field is a polar vector and the magnetic field is an axial
vector (see section 6.11 of [14] for a discussion of polar
and axial vectors). For reflection symmetry, (2) yields

e;’e – ‘~’z =

h; fe-y;’z =

For waveguides with

[e~n - tzze~n]ey~z,

- [h:n - azh~.]ey;’. (6)

reflection symmetry, (6) implies
that y.- = – h- = _-h~~ = –-h~~.ynf9‘;. = ‘~. = ‘T., T.
The fields of the image mode traveling in the – z direc-
tion, produced by the reflection operation acting on the
original mode traveling in the + z direction, can be
expressed in terms of the fields of the original mode by
inserting appropriate minus signs. Combining these re-

sults with (3), the orthogonality relation for reciprocal
waveguides with reflection symmetry is

2//[.eT.(x, y) Xh~~(x, y)]”azdxdy

= N;-s
nm

= – N,;+~
nm. (7)

Equation (7) applies to waveguides containing isotropic
media, to waveguides containing an uniaxial dielectric (if
the optical axis of the permittivity tensor is either parallel,
or perpendicular, to the z-axis), and to waveguides con-
taining a biaxial dielectric (if one of the principal axes of
the permittivity tensor is parallel to the z-axis) [15]. Set-
ting N~- = – N-+ = N~, the expressions in (5a) and (5b)
for the coefficie~ts in the mode expansion of (4a) and (4b)
can be simplified to

+//[e,m(x,y)xH,(~,y,z)Ame-YmZ =
m

+ET(.x, y,z)XhT~(x, y)]azdxdy, (8a)

Bme+YmZ = ~~/[eTn(x,y)x H,(x>y>z)
m

–ET(X, Y,.Z)XhTm(X, Y)] .azdxdy. (8b)

These are typical of the expressions given in the previous
literature [1]-[4].

B. 180° Rotation Symmetry

Next, waveguides for which a 180° rotation about an
axis perpendicular to the z-axis is the only symmetry
operation are considered (denote this rotation by R and
set 6 = O at the R axis). The fields for the + branch of
the rnth mode of a waveguide with this symmetry can be
written in the form:

e~(r,tl)e-y:z= ~ [are~w~(r)
1=–CC

Because of the 180° rotation symmetry, for each mode m
there must be a corresponding mode p(m) such that

YD;m) = – y:. Modes nz and p(m) are distinct and form a
bidirectional pair. The fields of mode p(m) are

e~n~(r, d)e-yfim)z = ~ [%.eTmJ(r)

1=–W
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Fig. 1. Sheath helk(radius a)withconcentric shield (radius b).

The normalization integrals of 3(a) and 3(b) can be writ-
ten in this case as (RO is the radius which bounds the
structure):

- (r)+er;l(~)lz;m, -~(~)+ %n-l(~)knl

Thus the coefficients in a mode expansion are given by

–E~(r, O,z)X hjP(,~)(r,O)] .azrdrdO, (12a)

N+ ~2mJR0[e&m)(~,~)x~T(~,6,z)Bme-Ykz . --!-
m

One example of a waveguide with this symmetry is a
circular sheath helix [10]–[12]. For a sheath helix sur-
rounded by a concentric shield, Fig. 1, one finds that the
summation in (9a) and (9b) can be dropped. Denoting the

Fig. 2. Right-hamded (A) and left-handed (B) sheath helices of eclual
and opposite pitch angle supported by an isotropic dielectric slab.

radial variation by the subscript q, each combination of
the intege:rs 1 and q ( – w <1< co, 1< q <m) i&ntifieS a

distinct mode. Each of these modes has two branches
with propagation constants -yl~and yl~. For this structure
yl; + – y~ if 1# O. However, the distinct modes, {1,,q}
and {– 1,q}, form a bidirectional pair with y ~1~= y~. The
normalization constants are

Equations (12a) and (12b) give the mode coefficients
where one should identify mode m with mode {1,q} and
mode p(m) wiith mode {– 1,q} for the sheath helix.

C. Rotary Reflection Symmetry

The third class of waveguides is one for which the
structures are invariant to a rotation of T/n radians
about the z-axis followed by a reflection in a plane
perpendicular to the z-axis (denote this symmetry opera-
tion by S2~). Waveguides possessing this symmetry (but
having neither of the symmetries discussed previously) are
not important for current microwave applications. ,4n
example of a waveguide with this symmetry (n = 1) is a
dielectric slab supporting two sheath helices (one right-
handed and the other left-handed, with equal and oppo-
site pitch angles) on opposite faces of the slab, as shown
in Fig. 2.

Following a procedure similar to that for the 180°
rotation symmetry case, one finds that the waveguide is
bidirectional with yP~~)= – y:. In general for waveguides
with rotary reflection symmetry, y; # – -y;. The normal-
ization integrals of (3a) and (3b) can be written in 1his
case as

- eim,-l(r)h~m,(r) + eL(r)Wm,-[(r)

–eJnl(r)hTm,_l(r)]rdr, (14)
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with a similar
replaced by –
expansion are

expression for N,; + (the + superscripts
superscripts). The coefficients in a mode
again given by expressions of the type

shown in (12a) and (12b), but using (14) for the normal-
ization constants.

IV. MODE ORTHOGONALITYIN NONRECIPROCAL
WAVEGUI~ES

This section examines waveguides containing gyromag-
netic media; for example, ferrite material with a dc mag-
netic field applied. If the dc magnetic field, HO, and the
resulting dc magnetization of the ferrite, MO, are in the
+ z direction, the ac permeability is (section 4.1 of [161):

[

/4w~%~Jfo) –jK(@, Ho, A40) o
‘I-LojK(@, Ho, Mo)

1

X@>Ho)~o) o “ (15)

o 0 1

If the direction of the dc magnetic field (and, therefore,
the dc magnetization) is reversed, the permeability is
p(ti, – HO, – MO) = P+(o, Ho, MO), where the pt indi-
cates the transpose of p [17]. Introduction of the dc
magnetic field, HO, establishes its direction as a unique
direction for the waveguide. The components of the ac
magnetic field perpendicular to the dc magnetic field will
be strongly influenced by the presence of the ferrite
material. For example, the dispersion characteristics of
two modes with ac magnetic field components which are
CW and CCW elliptically polarized relative to the direc-
tion of HO will differ significantly; see chapter 9 of [16].
Another detailed exposition of propagation in a variety of
waveguides containing ferrites is given in [18].

To apply the orthogonality relation given in (1) to a
waveguide containing ferrite material, it is necessary to
consider at the same time the complementary waveguide
obtained by reversing the direction of the dc magnetic
field applied to the ferrite in the waveguide. Equation (1)
states that the integral involving mode m of the original
waveguide and mode n of the complementa~ waveguide
must be zero unless y; = – -y~. Thus, to obtain a nonzero
value for this integral the modes of the original and
complementary waveguides must be able to be grouped in
pairs such that yP~n),= – y;. In this case, the develop-
ment of a useful orthogonality relation requires that the
waveguide and its complementary waveguide be mutually
bidirectional.

The original and complementary waveguides differ only
in the directions of their dc magnetic fields, HO and
II: = – Ho. Thus, a symmetry operation on the original
waveguide will produce a waveguide which is also identi-
cal with the complementary waveguide (except, perhaps,
for a change in the direction of the dc magnetic field).
Now, however, when applying a symmetry operation to

Jwzd kz-J~H.
(a) (b)

Fig, 3. Ferrite-loaded rectangular waveguide with: (a) axial
netic field and (b) transverse dc magnetic field.

dc mag-

the mode fields (structure fixed) we must examine whether
the resulting orientation of the ac magnetic fields relative
to the direction of the dc magnetic field of the comple-
mentary waveguide is the same as in the original wave-
guide, or whether it has been reversed. See [19] for a
discussion of the symmetry properties of fields in wave-
guides with gyrotropic media.

Let P(W) label that mode of the complementary wave-
guide for which yP~mi= – y;, where y; is the propaga-
tion constant ( + branch) of mode m of the original wave-
guide. Then (1) can be rewritten as

“a. CLxdy= N,;–ap(n)m[l – am+], (16a)

(16b)

The normalization constants, N;- and N;+, involve dif-
ferent branches for the two modes; mode m of the
original waveguide, and mode p(m) of the complemen-
tary waveguide.

A. Reflection Symmetry

Examples of ferrite-loaded waveguides with reflection
symmetry are shown in Fig. 3. When applying the reflec-
tion operator, M, to these structures, one must take into
account that the dc magnetic field, HO, is an axial vector.
After applying M to the structure of Fig. 3(a) (axial dc
magnetic field), the resulting image structure looks ex-
actly like the original. On the other hand, after applying
M to the structure of Fig. 3(b) (transverse dc magnetic
field), the resulting image structure looks like the comple-
mentary waveguide (Fig. 3(b) with HO reversed). Regard-
less of the direction of the dc magnetic field, applying the
reflection operator, P(M), to the nth mode of the origi-
nal waveguide yields the result given in (6) above. Note
that the ac magnetic field components transverse to the 2

direction are reversed, while the z component is not (a
consequence of the magnetic field being an axial vector).

Consider first the case when the dc magnetic field HO
is in the + z direction (Fig. 3(a)). Applying the reflection
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operator J4 to this structure reverses the direction of the
z-axis, but does not reverse the direction of Ho. Thus in
the coordinates for the reflected structure, HO points in
the – z direction. Consider a specific mode of the origi-
nal waveguide propagating in the + z direction, say mode
m with ac magnetic field components, H~~n, perpendicu-
lar to the dc magnetic field. For reflection symmetry,
mode m of the original structure (propagating in the + z
direction) is a valid mode for the reflected structure,
propagating in the – z direction of the reflected struc-
ture. If the reflection operator P(M) is applied to the
fields of mode m (structure fixed), by symmetry the re-
flected mode is a valid mode of the original waveguide.
This reflected mode travels in the – z direction, and its
transverse ac magnetic field components, H~~n,, are re-
versed relative to H~~~. This reversal, however, does not
change the polarization of H~~n relative to HO, and the
influence of the ferrite medium on the original mode, and
on the reflected mode, is the same. One concludes that
each mode of the structure is bidirectional with two
branches such that y; = – ~;. Further> the electric and
magnetic field components of the – branch are essen-
tially the same as those of the + branch (the only change
is in the relative signs of the transverse and z compo-
nents).

Some simplification in the orthogonality relations can
be made in this case. Recalling that (6) applies to the
modes of either the original, or the complementary, wave-

h- =–h~~=guide, y; = – y: = – y~,e~. = e;. = eT.9 T.
– hTn, etc. These results enable (16a) and (16b) to be
slightly simplified.

//[e~p(n,(~>Y)’ xhTm(~,Y)

+ ‘Trn(x, Y) x Lp(.J(x, Y)’] ‘~zdxdy

= NJ- i$,(n)m = – Iv;+ ap(n)m = W#p(n)m o ( 17)

The coefficients which appear in the mode expansions
(5a) and (5b) for the electric and magnetic fields are given
by

~ f/[enJ(m)(X,Y)’ x HT(x,Y,z)
Ame-YmZ = ~

m

+ET(X,Y, Z) X~Tp(m)(X, Y)’] “a.~@, (lsa)

‘~T(~,Y,Z)X~Tp(m)(~,Y)’] “azddy. (18b)

In these expressions, eTP(~)(x, y)’ and h~P(n)(x, y)’ are
the transverse electric and magnetic field components of
mode p(m) of the complementary waveguide (dc mag-
netic field reversed);, this mode is identified by YP(ny= Y~
of the original waveguide.

Consider now the case when the dc magnetic field Ho
is transverse to the z direction (Fig. 3(b)) and set H<,=
aXHO. Applying the reflection operator h’ to this struc-
ture reverses the direction of the z-axis and also reverses
the direction of HO. The resulting structure looks exactly
like the complementary waveguide, although the z-axes of
the reflected and the complementary waveguides point in
opposite directions. Strictly, the reflection operator A4 by
itself is nc)t a symmetry operator for this structure; the
symmetry operator must combine M with a reversal of
the dc magnetic field (to recover the structure of Fig.
3(b)). Consider a specific mode of the original waveguide
propagating in the + z direction, say mode m with ac
magnetic field components HTRn = a ~H,,,Y+ a= H~, per-
pendicular to HO (not to the z-axis). If the reflection
operator F’(M) is applied to the fields of mode m (struc-
ture fixed), the reflected mode is not a valid mode of the
original waveguide because A4 (by itself) is not a symme-
try operator. This reflected mode, however, has HTRw~=
—aYH~v + azH~z. These transverse field components
have the same relationship to the dc magnetic field of the
complementary waveguide as the original transverse field
components had to the dc magnetic field of the original
waveguide, Thlus this new mode, obtained by reflection of
a mode of the original waveguide, is a valid mode of the
complementary waveguide traveling in the – z direction.

We conclucle that waveguides of this type will not be
self-bidirectional. That is, one should not expect that

Y; = – ~; ex~ept~ possibly> for a subset of the total set of
modes. However, the original and complementary wave-
guides are mutually bidirectional. Any mode m of the
original waveguide traveling in the + z direction has an
image mode, p(m), traveling in the - z direction in the
complemental waveguide, such that yP~nj = – -y;. The
fields of this ilmage mode, P(M), are obtained by applying
the operation P(J4) to the fields of the original mode m.

In this case there can be a significant simplification in
the form of the orthogonality relations. Recognizing that

e;p(nj = P(M) [eJ. ] = e~n,
Fqp(ny= P(M) [JQJ=–h;.,

etc., (16a) and (16b) can be written as

Similarly, the coefficients which appear in the mode ex-
pansions (@ ,and (4b) for the electric and magnetic fields
are given by

‘~:~~[e~n(x,Y)XH,( x,Y>z)
A~e-y~Z –

m

+E~(x, y,z)XhJm(x, y)]”aZdxdy, (20a)

N>~~[eim(x,~)xHT(~,y,Z)
Bme-Yi~ = -

m

i- ET(x,y,z)xh;m(x, y)] “azdxdy. (20b)
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“c!)0’0
(a) (b)

(c)

Fig 4. Sheath helix containing a ferrite rod with: (a) axial dc magnetic
field, and (b), (c) transverse dc magnetic field.

These expressions have been written in terms of the field
components of the modes of the original waveguide, al-
though the basic orthogonality relations involve modes of
both the original and complementary waveguides. In this
case, e~~ and h ~,n are the transverse fields of the nzth
mode traveling in the + z direction ( + branch) of the
original waveguide, while e~,.and – h~~ are the trans-
verse fields of the mth mode traveling in the – z direc-
tion ( – branch) of the complementary waveguide.

A waveguide with geometric reflection symmetry, but
whose dc magnetic field is neither parallel to, nor perpen-
dicular to, the waveguide axis, must also be considered.
Now, neither a pure reflection M, nor a reflection M
combined with a reversal of the dc magnetic field, is a
symmetry operation for the waveguide. In general, it is
not possible to find pairs of modes, m and p(nz) for the
original and complementary waveguides, respectively, such

that YP~,,,)J= – y,:, and the original and complementary
waveguides are not mutually bidirectional. Referring back
to (l), the integral must be zero for (almost) all pairs of
modes of the original and complementary waveguides.
Thus, in this case (1) fails to provide a method to distin-
guish between modes in a mode expansion.

B. 180° Rotation Symmetry

Examples of ferrite-loaded waveguides with 180° rota-
tion symmetry are shown in Fig. 4. Consider first the case
when the dc magnetic field HO is in the z direction (Fig.
4(a)). Applying the rotation operator R to this structure

reverses the direction of the z-axis and also reverses the

direction of Ho. The resulting structure looks exactly like

the complementary waveguide (Fig. 4(a) with Ho re-

versed). Strictly, the rotation operator R by itself is not a
symmetry operator for the structure; the symmetry opera-
tor must combine R with a reversal of the dc magnetic
field (to recover the structure of Fig. 4(a)). The applica-
tion ..of P(R) to the fields of a mode of the original
structure yields a “rotated” mode which is not a valid
mode of the original structure, bitt which is a valid mode
of the complementary waveguide.

In general, waveguides of this type will not be self-bidi-
rectional, but the original and complementary waveguides
are mutually bidirectional. Any mode m of the original
waveguide traveling in the + z direction has an image
mode, p(m), traveling in the – z direction in the comple-
mentary waveguide, such that yP~,~l= – y;, etc. The fields
of this image mode, p(m), are obtained by applying the
operation P(R) to the fields of the original mode m.
These same conclusions apply to waveguides of the type
shown in Fig. 4(b), and also to waveguides intermediate
between those shown in Figs. 4(a) and 4(b). That is, they
apply to waveguides where the 180° rotation axis of R is
perpendicular to the dc magnetic field HO.

In these cases there can be a significant simplification
in the form of the orthogonality relations given in (16a)
and (16b). The fields of the mth mode of the original
waveguide can be written as in (9a) and (9b), and the
fields of the image mode p(m) can be written as in (lOa)
and (lOb). The normalization integrals are given in (ha)
and (1 lb), and the expressions for the mode coefficients
in a mode expansion by (12a) and (12b). The only changes
required in (10) through (12) are that a prime should be
appended to any field component with a subscript p(m);
this labels these field components as belonging to the
complementary waveguide with a reversed dc magnetic
field.

Next, consider the case when the dc magnetic field HO
is parallel to the 180° rotation axis (Fig. 4(c)). After
applying the rotation operator, R, to the structure of Fig.
4(c), the resulting image structure looks exactly like the
original. Therefore, the modes of this structure must
occur in pairs which are mutually bidirectional. What is
the effect of reversing the direction of the dc magnetic
field to obtain the complementary waveguide? Although
the complementary waveguide is at least superficially sim-
ilar to the original waveguide, there is no reason to expect
that the modes of the complementary waveguide will be
the same as the modes of the original waveguide. Thus,
the original and complementary waveguides are not mu-
tually bidirectional, and (1) may fail to provide a method
to distinguish between modes in a mode expansion.

C. Rotary Rejection Symmetry

Ferrite-loaded waveguides with rotary reflection sym-
metry only are not important for microwave applications.
An example of such a waveguide with Sz symmetry is
obtained from Fig. 2 by replacing the dielectric slab with
a ferrite slab and applying a dc magnetic field. If the dc
magnetic field is in the z direction, it is found that the
original and complementary waveguides are, in general,
not bidirectional; thus (1) may fail to provide a procedure
to distinguish between modes. However, if the dc mag-
netic field is in the transverse plane, then the original and
complementary waveguides are mutually bidirectional. In
this case the results of Section III-C can be adapted to
give the normalization constants and mode expansions.
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V. MODE ORTHOGONALITY IN LOSSLESS

WAVEGUIDES

Bidirectionalhy was ensured in the previous sections by
,.

the presence of a spatial symmetry. Thn symmetry k a

sufficient, but not always necessary, condition. In a loss-

less structure, the propagating modes are bidirectional.
Some aspects of the orthogonality of modes in lossless
waveguides have been discussed in [2], [81,[20].

For a Iossless reciprocal waveguide, the media permit-
tivities and permeabilities are real; that is, e = e*, w = P.*.
Let e~ e-YJz and h~e ‘7;Z be the electric and magnetic
fields of the + branch for mode m of a lossless reciprocal
waveguide. Taking the complex conjugate of Maxwell’s
equations, one finds that e~*e ‘Y:”’ and – h~*e “~”z are
the electric and magnetic fields of a valid mode of the
structure; call this the mode conjugate to mode m. For a
frequency o at which mode m propagates, y; = j~~, and

Y;* = – j~~, where ~~ is a real number. In this case the
mode conjugate to m, a valid mode of the waveguide,
travels in the –z direction. In general, this conjugate
mode is not the – branch of the original mode, but it is a
distinct mode of the waveguide. Thus for propagating
modes at least, a lossless reciprocal waveguide is bidirec~
tional, regardless of the presence, or absence, of one of
spatial symmetry operations (J4, R, or ~2.) discussed

previously.
For a frequency w at which mode m is evanescent

Y;* = ~; because Y; is real. In this case the mode
conjugate to mode m has exactly the same z dependence;
it is, in fact, the same mode. No conclusions can be drawn
about bidirectionality for such evanescent modes without
considering the structure geometry, and it may not be
possible to use (1) to isolate one of them. Finally, there
are lossless waveguides which, over a finite frequency
range, may have a pair of modes with propagation con-
stants which are both complex, and are complex conju-
gates of each other [21]. In these cases, again, no concht-
sions can be drawn about the bidirectionality without
considering the structure geometry.

In Iossless nonreciprocal waveguides containing gyro-
magnetic media, the dyadic permeability p is Hermitian,
and the parameters w and K which appear in it are real.
Taking the complex conjugate of p is equivalent to taking
its transpose; this, in turn, is equivalent to reversing the
direction of the dc magnetic field. Thus, the mode which
is conjugate to mode m of the original waveguide is a
valid mode of the complementary waveguide (dc magnetic
field reversed). If o is such that mode m propagates in
the + z direction, then the conjugate mode propagates in
the – z direction in the complementary waveguide, and
mutual bidirectionality is established. If aJ ‘is such that
mode m is evanescent in the + z direction, then the
conjugate mode is also evanescent in the + z direction (in
the complementary waveguide), and mutual bidirectional-
ity is not determined. So for nonreciprocal as well as
reciprocal waveguides, losslessness provides the bidirec-
tionality required toenable a propagating mode to be

distinguished from any other propagating or evanescent
mode in a mode expansion.

VI. COMMENTS

The ort hogonality relations presented above for Iossy
reciprocal waveguides with 180° rotation symmetry, or
with rotarjj reflection symmetry, have not been previously
discussed in the literature. Of course, a waveguide may
possess two, or all three, of these symmetries simultane-
ously. Whenqver more than one of these symmetries
occurs, each of the corresponding orthogonality relations
applies to the structure. If one of the symmetries is
reflection, then (7) and (8a) and (8b) are the most effi-
cient to use. The simultaneous presence of two, or all
three, of these symmetries implies the presence of other
symmetry operations about the waveguide axis. The tctal
collection, or group, of symmetry operations for a wave-
guide controls the number of mode classes, and their
degeneracies, for the waveguide [221.

There are, of course, Iossy reciprocal and nonreciprocal
waveguides which do not possess any of the three symmet-
ry operations discussed above. In general such wave-
guides will not be bidirectional, and the reciprocity theo-
rem fails to provide a means to isolate a particular mode
from the ether modes in a mode expansion.
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